Abstract: Free Akivis algebras and primitive elements in their universal enveloping algebras are investigated. The conjecture of K .H . Hofmann and K. Strambach on the structure of primitive elements is proved to be not valid, and a full system of primitive elements in free nonassociative algebra is contructed. It is proved that every algebra can be considered as a hyperalgebra, that is, a system with a series of multilinear operations that plays a role of a tangent algebra for a local analytic loop, where the hyperalgebra operations on B are interpreted by certain primitive elements.
Introduction
A vector space A is called an Akivis algebra if it is endowed with two op- 
[[x, y], z] + [[y, z], x] + [[z, x], y] = A(x, y, z) + A(y, z, x) + A(z, x, y) -A(y,x,z) -A(x , z,y) -A(z,y,x).
(1)
These algebras were introduced in 1976 by M. A. Akivis [1] , under the name Walgebras, as local algebras of three-webs (or of local analytic loops). Let L be a local analytic loop with the multiplication x . y, left division y\x, and right division xjy (see, for example, [4J). The tangent space of L at the unit O rnay be identified with L itself; and one rnay endow this space with the following two operations that represent the deviation from commutativity and from associativity of the multiplication x . y in the loop L: 
hence A(L) is a Malcev algebra (see [8] [11, 12] .
In the present paper, we give some new results on the structure of free Akivis algebras and primitive elements in their universal enveloping algebras. We claim that subalgebras of free Ak:ivis algebras are free and that finitely generated subalgebras are finitely residual. Decidability of the word problem for the variety of Akivis algebras is also proclaimed. The conjecture of K.H.Hofmann and K.Strambach [4, Problem 6 .15] on the structure of primitive elements is proved to be not valid, and a full system of primitive elements in free nonassociative algebra is constructed.
Finally, we show that every algebra B can be considered as a hyperalgebra, that is, a system with a series of multilinear operations that plays a role of a tangent algebra for a local analytic loop, where the hyperalgebra operations on B are interpreted by certain primitive elements.
The full proofs of the presented results wilJ appear in [13].
Free Akivis algebras
Let A be an Akivis algebra over a field F with a linear basis
Consider the set of words V {ei, eiej, (e;ej)ekli:S j:S k} in the universal enveloping algebra U(A) (see [11, 12] [11, 12] proved that the vO-words form a basis of the algebra U(A).
For an algebra C and a subset M ç C, we denote by alg c
(M) and idl c(M)
the subalgebra and the ideal of C generated by M .
Lemma 1 Let A be an Akivis algebra and M be a subset of A. Then the following statements are true:
Remind that a variety of algebras is called Schreier if every subalgebra of a free algebra in this variety is also free. The general properties of Schreier varieties were investigated in [7, 17] . The well-known examples of Schreier varieties are the varieties of alI nonassociative algebras [6] , commutative and anticommutative algebras [15] , Lie algebras [14, 18] and Lie superalgebras [10, 16] .
Using lemma 1 and the results of [17] , we prove
Theorem 1 The variety of Akivis algebras is Schreíer.
Theorem 1 has two standard corollaries [7] .
Corollary 1 A utomorphisms of finitely generated free Akivis algebras are tame.
Corollary 2 The occurrence problem for free Akivis algebras is decidable.
Furthermore, applying the corresponding results for the variety of alI nonassociative algebras (see [5, 20] ), one can prove the following theorems. 
Primitive elements of nonassociative algebras
Let A be an Akivis algebra over a field F and U(A) its universal enveloping algebra. It is easily checked that the linear mapping
given by the rule
is an embedding of Akivis algebras.
By definition of the universal enveloping algebra U(A), (see [12] ) , the homomorphism ~ can be uniquely extended to the homomorphism O. Note that in the case of Lie algebras this equality turns to the well-known Friedrichs criterion (see [3] ) for Lie elements in universal enveloping algebras.
An element u E U(A) is called primitive ifit satisfies equality (2). One can easily check that the set P(A) of all primitive elements of the algebra U(A) is closed under the operations [x , y],(x,y, z); that is , P(A) is an Akivis subalgebra of Ak(U(A)). By definition of
We first show that the question of K. H . Hofmann and K. Strambach is answered negatively. Let A be a free Akivis algebra on a single free generator x.
Then U(A) = F{x} is a free nonassociative algebra generated by x . Consider the
The element f does not belong to A since it is a linear combination of vO-words in the alphabet x , (x, x, x), with length ~ 2. On the other hand, one can straightforwardly check that equation (2) Similarly, we define the set yl and extend to it all the previous notat.ions. In the sequei, if the parenthesis are not arranged in a product then the product is considered as a right normed one.
where m, n 2: 1, we define polynomials
Pm,n(XI, X2,···, Xm ; YI, Y2,···, Yn; z) = Pm,n(U, v, z) E B
in the following way.
PI,J(XI;YI;Z) = (XI,YI,Z);
2. Suppose that for all m, n > 1 and m + n < k, k > 3, the polynomials Pm,n (u, v, z) are already defined. 
Using the Iemma, we prove that all the eIements of type p( u, V, z) are primitive. Notice that if F is a field of characteristic P > 0, then the operation xP can be added to the set of operations (5) .
The following theorem shows completeness of the set of primitive operations (5). 
Hyperalgebras and primitive elements
Let F be a field of characteristic O. If L is aLie algebra, then by the Friedrichs criterion [3] , the set of primitive elements of the algebra U (L) coincides with L. Note that L is closed under the primitive operation [x, y] , and all the other primitive operations Pm,n are identically zero on L.
Lie algebras first appeared as tangent algebras of Lie groups and, in case of simply connected Lie groups, they determine the corresponding groups up to isomorphism. It is known [4] that Akivis algebras do not determine, in general, the corresponding local analytic loops. It was shown by P.O.Miheev and L.V.Sabinin [9] that a simply connected local analytic loop is determined up to isomorphism by a more sophisticated analogue of tangent algebra, the so called hyperalgebra, an algebraic system with a series of multilinear operations. It is nat.ural to ask whether the operations in hyperalgebras can be interpreted by primitive elements in a nonassociative algebra. Below we give an interpretation of hyperalgebra operations in nonassociative algebras. (10) where a runs the set of ali bijections of the type a : {I, 2, . . . , r} ~ {I, 2, ... , r}, 
t.l2>1 (14) Note that definition (12) (12) , (13) .
Theorem 6 G(B) is a hyperalgebra.
It is natural to ask the following questiono
Problem 1 Is it true that any hyperalgebra can be isomorphically embedded into a hyperalgebra G(B) for a suitable algebra B?
In case of affirmative solution ofthis problem every hyperalgebra would have a universal enveloping algebra with the Poincare-Birkhoff-Witt basis as in theorem 5. Remind that, in particular, Lie algebras, Malcev algebras, BoI algebras are hyperalgebras (see [9] ). All the hyperalgebra operations except [x, V] Note that the definition of hyperalgebras given above was motivated by and oriented to a description of identities of tangent algebras of right-monoalternative local analytic loops (see [9] ). It would be interesting to find an alternative definition of hyperalgebras, probably, with another operations, that is more closely related to primitive operations (5) . Maybe, this could help to solve problem l.
Another natural question that related closely to problem 1 is the following.
Problem 2 To give an intrinsic characterization of the set Prim (B) of primitive elements in a free nonassociative algebra B , in terms of primitive operations (5).
In particular , is it possible to choose a definition of hyperalgebra in such a way that Prim (B) would be a hyperalgebra with respect to operations (5) or, probably, relatively to another set of primitive operations?
